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Abstract. We present an electromagnetic analog of gravitational wave memory.
That is, we consider what change has occurred to a detector of electromagnetic
radiation after the wave has passed. Rather than a distortion in the detector, as
occurs in the gravitational wave case, we find a residual velocity (a “kick”) to the
charges in the detector. In analogy with the two types of gravitational wave memory
(“ordinary” and “nonlinear”) we find two types of electromagnetic kick.
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1. Introduction
Detectors of electromagnetic radiation absorb energy from the electromagnetic wave.
Since the flux of energy in the wave goes as r−2 it follows that the sensitivity of the
detector to a source of a given strength falls off like r−2. In contrast, the sensitivity
of gravitational wave detectors falls off like r−1. However, this does not have to do
with some special property of gravitational waves. It is simply that the gravitational
wave detector works not by measuring power absorbed from the wave but rather by
following the motion induced in the detector by the wave. In principle one could build
a detector of electromagnetic waves with this same feature: simply take a charge and
follow its motion as the wave train passes. (In practice one does not do this because
such a detector would be overwhelmed by multiple sources of electromagnetic noise). In
analogy with Christodoulou memory,[1] one can ask what permanent change is induced
in the charge’s motion after the wave train has passed. In the gravitational case, the
wave produces a relative acceleration between the parts of the detector. Integrating
that relative acceleration over all time, one might expect a residual relative velocity (a
“kick”) after the wave has passed. However, it turns out that such a kick is forbidden.
Nonetheless, at intermediate times there is a relative velocity, and one can integrate
that relative velocity over all time to obtain the residual relative displacement of the
parts of the detector after the wave has passed. This residual relative displacement is the
gravitational wave memory. In the electromagnetic case, as we will see, nothing forbids a
residual velocity, so in analogy to gravitational wave memory there is an electromagnetic
wave kick. In the next two sections we will calculate this kick, first for the slow motion
case and then in the general case.
2. The slow motion case
We begin by recalling some facts about gravitational wave memory in the case of weak
fields and slow motion.[2] For two objects in free fall with initial separation D in the i
direction, their relative acceleration in the j direction is
d2∆xj
dt2
= −DRtitj (1)
However, for weak field and slow motion we have that at a large distance r from the
source
Rtitj =
−1
r
P
[
d4Qij
dt4
]
(2)
Here Qij is the quadrupole moment of the source given by
Qij =
∫
d3xT 00xixj (3)
and P [] denotes “projected to be orthogonal to the radial direction and trace free.” Any
kick would then be proportional to the difference between d3Qij/dt
3 at large positive
time and large negative time. However, for large positive or negative time the only
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allowed motion is that of widely separated objects moving at constant velocity. It then
follows that for such a system
d2
dt2
Qij =
∑
k
mkv
i
kv
j
k (4)
where the sum is over all objects, where the kth object has mass mk and velocity ~vk. It
follows from eqn. (4) that at large positive and negative times d3Qij/dt
3 vanishes, and
therefore there is no kick. However, there is a residual separation given by
∆xj =
D
r
P
[∑
k
mkv
i
kv
j
k(t =∞)−
∑
k
mkv
i
kv
j
k(t = −∞)
]
(5)
This is the gravitational wave memory in the weak field, slow motion regime. It is also
what Christodoulou refers to as the “linear” contribution to gravitational wave memory,
in contrast to the “nonlinear” memory treated in [1].
Now, consider the corresponding analysis for the motion of a charge in the presence
of an electromagnetic wave. For a charge q with mass m the equation of motion is
m
d2~x
dt2
= q ~E (6)
It follows that once the wave has passed the charge has received a kick given by
∆~v =
q
m
∫
∞
−∞
~Edt (7)
However in the slow motion limit and far from the source we have[3]
~E =
1
r
P
[
d2~p
dt2
]
(8)
where ~p is the dipole moment of the source and P [] denotes “projected orthogonal to
the radial direction.” It then follows that the kick is given by
∆~v =
q
mr
P
[
d
dt
~p(t =∞)−
d
dt
~p(t = −∞)
]
(9)
In analogy to the case of gravitational waves, we consider only systems which at large
positive and negative times consist of widely separated charges each moving at constant
velocity. It then follows that for such a system
d
dt
~p =
∑
k
qk~vk (10)
where the sum is over all objects, where the kth object has charge qk and velocity ~vk.
The kick is therefore given by
∆~v =
q
mr
P
[∑
k
qk~vk(t =∞)−
∑
k
qk~vk(t = −∞)
]
(11)
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3. Electromagnetic memory
In the general case, the kick is still given by eqn. (7), but we can no longer use the
far field slow motion expression (eqn. (8)) for the electric field. Instead, we will need
to analyze the general behavior of the electromagnetic field far from the source. Recall
that the electric and magnetic fields Ea and Ba satisfy Maxwell’s equations.
∂aE
a = 4πρ (12)
∂aB
a = 0 (13)
∂tBa + ǫabc∂
bEc = 0 (14)
∂tEa − ǫabc∂
bBc = −4πja (15)
where ρ is the charge density and ja is the current density.
We begin by expressing Maxwell’s equations in spherical coordinates. We denote
the spherical coordinate indicies by r if they are in the radial direction and by capital
latin letters if they are in the two-sphere direction. Then Maxwell’s equations become
∂rEr + 2r
−1Er + r
−2DAE
A = 4πρ (16)
∂rBr + 2r
−1Br + r
−2DAB
A = 0 (17)
∂tBr + r
−2ǫABDAEB = 0 (18)
∂tEr − r
−2ǫABDABB = −4πjr (19)
∂tBA + ǫA
B(DBEr − ∂rEB) = 0 (20)
∂tEA − ǫA
B(DBBr − ∂rBB) = −4πjA (21)
Here DA and ǫAB are respectively the derivative operator and volume element of the
unit two-sphere, and all indicies are raised and lowered with the unit two-sphere metric.
We now expand all quantities in inverse powers of r with expansion coefficients
that are functions of retarded time u = t − r and the angular coordinates. For an
electromagnetic field that is smooth at null infinity we have
EA = XA + . . . (22)
BA = YA + . . . (23)
Er =Wr
−2 + . . . (24)
Br = Zr
−2 + . . . (25)
ρ = jr = r
−2L+ . . . (26)
where . . . means “terms higher order in r−1” and we also assume that at large r the
angular components of ja are negligible compared to the radial component. These
equations require some explanation: The Cartesian components of the electric and
magnetic fields fall off as r−1. However, from the relation between Cartesian and
angular coordinates (e.g. z = r cos θ) it follows that the angular components of the
electric and magnetic fields behave as r0. From eqn. (16-17) it then follows that the
radial components of the electric and magnetic fields behave as r−2.
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As for the behavior of the current and charge density, all the charged fields that
we find in nature are also massive, and this along with initial data of compact support
should lead to charge and current densities that fall off faster than any power of r at
null infinity. As we will see later, such charge and current densities would not give
any analog of the Christodoulou memory. However, there is nothing wrong in principle
with considering a field that is both charged and massless and this is indeed the analog
for electromagnetism of fields whose stress-energy gets out to null infinity. In order to
explain equation (26) we introduce the current density four-vector Jµ given by J t = ρ
and Ja = ja. We also introduce the advanced time v = t + r. It then follows that
Ju = −
1
2
(jr + ρ) and Jv =
1
2
(jr − ρ). Thus the behavior given in eqn. (26) is equivalent
to
Ju = −r
−2L+ . . . (27)
Jv = O(r
−3) (28)
JA = O(r
−3) (29)
Eqns. (27-29) do not simply follow from conservation of Jµ but instead posit certain
properties of Jµ. To understand the nature of these properties, note that −Ju is the
component of the current density four-vector in the outgoing null direction and −Jv
is the component in the ingoing null direction. Thus, eqns. (27-29) amount to the
statement that charge that gets out to null infinity does so by moving in the outgoing
null direction. Furthermore, the factor of r−2 in eqn. (27) is the statement that the
rate of charge radiated per unit solid angle is finite. An excellent example of charges
that behave in precisely this way is provided by the Maxwell-Klein-Gordon (MKG)
equations for a charged, massless scalar field. The MKG system including the behavior
of its current density four-vector is discussed in [4] example 3 starting on p. 99. Another
example of charges that behave in the way we assume is that of a charged null dust.
Here, the behavior of the current density can be derived using essentially the method
of [5] (which treats the stress-energy of a null fluid), but applying that method to the
charge current density of a charged null dust.
Now putting the above expansion of the fields into the above decomposition of the
Maxwell equations we obtain the following:
− ∂uW +DAX
A = 4πL (30)
−∂uZ +DAY
A = 0 (31)
∂uZ + ǫ
ABDAXB = 0 (32)
∂uW − ǫ
ABDAYB = −4πL (33)
∂uYA + ǫA
B∂uXB = 0 (34)
∂uXA − ǫA
B∂uYB = 0 (35)
The last of these equations is solved by
YA = −ǫA
BXB (36)
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Now plugging this result in the other equations, we find that some of the equations yield
identical results and the full set of independent equations becomes
− ∂uW +DAX
A = 4πL (37)
∂uZ + ǫ
ABDAXB = 0 (38)
Define the quantity SA by
SA =
∫
∞
−∞
XAdu (39)
Then it follows that SA satisfies the equations
DAS
A = (W (∞)−W (−∞)) + 4πF (40)
ǫABDASB = Z(−∞)− Z(∞) (41)
where the quantity F is defined by
F =
∫
∞
−∞
Ldu (42)
However, it also follows from the definition of SA that the kick points in the direction
of SA and has a magnitude of
∆v =
q
mr
|SA| (43)
(Here the magnitude of SA is calculated using the unit two-sphere metric). All that
remains in our calculation is to show how SA depends on the quantity F . Note that F
is the amount of charge radiated away to infinity per unit solid angle.
In analogy to the case of gravitational waves, we consider only systems which at
large positive and negative times consist of widely separated charges each moving at
constant velocity. For a single charge moving at constant velocity, the r−2 piece of Br
vanishes.[3] It then follows from superposition that the same is true for a collection of
such charges, and thus it follows that both Z(−∞) and Z(∞) vanish. it then follows
from eqn. (41) that there is a scalar Φ such that
SA = DAΦ (44)
It then follows from eqn. (40) that
DAD
AΦ = (W (∞)−W (−∞)) + 4πF (45)
Note that it is required for the consistency of this equation that the right hand
side integrated over all solid angle vanishes. In physical terms, the reason that this
consistency condition is satisfied is the following: it follows from eqn. (24) that the
integral over all solid angle of W is 4π times the charge enclosed. It then follows that
the integral over all solid angle of W (−∞) −W (∞) is 4π times the amount of charge
lost by being radiated to null infinity. But since F is the charge radiated per unit solid
angle, the integral over all solid angle of 4πF is also 4π times the lost charge. For any
quantity on the two-sphere, we will adopt the notation that a subscript [0] means the
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average value of that quantity. It follows from eqn. (45) that Φ consists of two pieces
Φ = Φ1 + Φ2 satisfying the following equations:
DAD
AΦ1 = (W (∞)−W (−∞))− (W (∞)−W (−∞))[0] (46)
DAD
AΦ2 = 4π(F − F[0]) (47)
and that SA = S1A + S2A with S1A = DAΦ1 and correspondingly for S2A. In analogy
with the treatment of [1] we will call the kick due to Φ1 the “ordinary” kick and that
due to Φ2 the “null” kick. Note that W at early and late times is determined by the
characterization as a collection of charges qk with constant velocity ~vk. It then follows
from the treatment of [3] that
W =
∑
k
qk(1− v
2
k)(1− rˆ · ~vk)
−2 (48)
To find explicitly the dependence of the null kick quantity S2A on F , we will expand
in spherical harmonics. (Note that exactly the same method yields the dependence of
the ordinary kick quantity S1A on W (∞)−W (−∞)). In analogy with the method of[1]
we also provide a Green’s function method in the appendix. Expanding F −F[0] and Φ2
we have
F − F[0] =
∑
ℓ>0
aℓmYℓm (49)
Φ =
∑
ℓ>0
bℓmYℓm (50)
Note that it follows from the usual orthogonality of spherical harmonics that the
expansion coefficients aℓm are given by
aℓm =
∫ 2π
0
dφ
∫ π
0
sin θdθ Y ∗ℓm(θ, φ)(F (θ, φ)− F[0]) (51)
However, it follows from eqn. (47) that
bℓm =
−4π
ℓ(ℓ+ 1)
aℓm (52)
Thus we have
S2A =
∑
ℓ>0
−4π
ℓ(ℓ+ 1)
aℓmDAYℓm (53)
with aℓm given by eqn. (51). Thus we have found the null part of the kick explicitly in
terms of the charge radiated to infinity per unit solid angle.
4. Conclusions
Our results on electromagnetic kicks are very closely analogous to gravitational wave
memory. Since electromagnetism is much simpler than general relativity, we hope
that these results can lead to greater understanding of gravitational wave memory. In
particular, it is sometimes argued [6, 7] that there is really only one kind of gravitational
wave memory: i.e. that the Christodoulou nonlinear memory is merely the ordinary
gravitational wave memory due to the energy of gravitons. This view however requires
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an artificial splitting of the vacuum Einstein equation into a linear part and a nonlinear
part. Moreover, even in the simpler case of electromagnetism we obtain two different
kinds of kick: one due to the difference between the early and late time values of the
radial component of the electric field, and the other due to the charge radiated to infinity.
What seems crucial in our case is that the “ordinary” kick is due to charges that do not
reach null infinity and that the “null” kick is due to charges that do reach null infinity.
It is sometimes emphasized [1, 8] that gravitational wave memory is an inherently
nonlinear effect that cannot be understood within the linearized theory. This is certainly
true for the case of memory caused by the energy of gravitational fields or the energy of
electromagnetic fields, since in each case the energy is second order in the field. However,
we have found an analog of the “nonlinear” memory even in the case of a linear theory,
electromagnetism. On the other hand, the coupled Maxwell-Klein-Gordon system is
nonlinear. Again, this leads us to believe that the crucial distinction is between an
“ordinary” effect due to sources that do not reach null infinity, and a “null” effect due to
sources that do. We expect that the same distinction can be made in the gravitational
wave memory case. In our forthcoming article [9] we treat “ambiguities” in general
relativity occurring from what some people may call “linear” and “nonlinear” features
of gravitational radiation. We are currently applying the techniques we have used in
this paper for the electromagnetic field to the Weyl tensor of linearized gravity in the
hope that this will shed further light on the nature of gravitational wave memory.[9]
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Appendix
In analogy with the treatment of [1] we would like to have a Green’s function method
to find the dependence of the kick on its sources. Recall that we want to solve
DAD
AΦ2 = 4π(F − F[0]) (A.1)
Further recall that a point on the two-sphere can be represented as a unit vector ξ in
three dimensional Euclidean space and that a point in Euclidean space is given by the
radial distance r and vector ξ. Now let φ˜ satisfy Poisson’s equation on Euclidean space
∇2φ˜ = −4πρ˜ (A.2)
Writing Poisson’s equation in spherical coordinates we obtain
∂
∂r
(
r2
∂φ˜
∂r
)
+DAD
Aφ˜ = −4πr2ρ˜ (A.3)
An electromagnetic analog of gravitational wave memory 9
Now choose the source ρ˜ to be
ρ˜(r, ξ) = (F[0] − F (ξ))δ(r − 1) (A.4)
and integrate eqn. (A.3) from r = 0 to r = R where R is a large number that we will
eventually take to infinity. Then because the charge density of eqn. (A.4) has zero total
charge, it follows that the first term on the left hand side of eqn. (A.3) vanishes when
integrated from 0 to R in the limit R→∞. We therefore obtain
DAD
A
∫
∞
0
dr φ˜(r, ξ) = 4π(F (ξ)− F[0]) (A.5)
Comparing this equation to eqn. (A.1) it follows that
Φ2(ξ) =
∫
∞
0
dr φ˜(r, ξ) (A.6)
However, we know that the solution of Poisson’s equation is
φ˜(~x) =
∫
d3x′
ρ˜(~x′)
|~x− ~x′|
(A.7)
Switching to spherical coordinates and using eqn. (A.4) we obtain
φ˜(r, ξ) =
∫
∞
0
r′
2
dr′
∫
dµ(ξ′)
1
|rξ − r′ξ′|
(F[0] − F (ξ
′))δ(r′ − 1)
=
∫
dµ(ξ′)
1
|rξ − ξ′|
(F[0] − F (ξ
′)) (A.8)
Here dµ(ξ′) is the volume measure on the unit two-sphere. Now applying eqn. (A.6) we
obtain
Φ2(ξ) =
∫
dµ(ξ′)(F (ξ′)− F[0]) ln(1− < ξ, ξ
′ >) (A.9)
where <,> denotes the Euclidean inner product. Now at ξ let w be a unit vector
tangent to the two sphere. Then since S2A = DAΦ2 it follows from eqn. (43) that the
component of the null kick in the w direction is
q
mr
∫
dµ(ξ′)(F[0] − F (ξ
′))
< w, ξ′ >
1− < ξ, ξ′ >
(A.10)
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